In this paper, a new rigorous numerical method to compute fundamental matrix solutions of non-autonomous linear differential equations with periodic coefficients is introduced. Decomposing the fundamental matrix solutions Φ(t) by their Floquet normal forms, that is as product of real periodic and exponential matrices Φ(t) = Q(t)e Rt , one solves simultaneously for R and for the Fourier coefficients of Q via a fixed point argument in a suitable Banach space of rapidly decaying coefficients. As an application, the method is used to compute rigorously stable and unstable bundles of periodic orbits of vector fields. Examples are given in the context of the Lorenz equations and the ζ 3 -model.
Introduction
In his seminal work [1] of 1883, Gaston Floquet studied linear non-autonomous differential equations of the formẏ = A(t)y,
where A(t) is a τ -periodic continuous matrix function of t. The main result of [1] is now presented, and its proof can be found for instance in [2] .
Theorem 1.1. [Floquet, 1883] Let A(t) be a τ -periodic continuous matrix function and denote by Φ(t) a fundamental matrix solution of (1). Then Φ(t + τ ) is also a fundamental matrix solution, Φ(t + τ ) = Φ(t)Φ −1 (0)Φ(τ ), and there exist a real constant matrix R and a real nonsingular, continuously differentiable, 2τ -periodic matrix function Q(t) such that
Decomposition (2) is called a Floquet normal form for the fundamental matrix solution Φ(t). The real time-dependent change of coordinates z = Q −1 (t)y transforms system (1) into a linear constant coefficients system of the formż = Rz. A stability theorem demonstrates that the stability of the zero solution of (1) can be determined by the eigenvalues of the so-called monodromy matrix Φ(τ ). As mentioned in [2] , while the stability theorem is very elegant, in applied problems it is usually impossible to compute the eigenvalues of the monodromy matrix. An even more challenging and central problem is the computation of the fundamental matrix solutions. The goal of the present work is to address this major difficulty by introducing a new rigorous numerical method to compute explicitly Floquet normal forms as in (2) , hence providing a direct way to obtain fundamental matrix solutions of (1) . Before proceeding with a general presentation of the rigorous computational method, let us introduce some motivations.
First of all, we are not aware of any method to construct rigorously Floquet normal forms as introduced in Theorem 1. 1 . Since this fundamental decomposition was introduced more than 125 years ago, we believe that developing a rigorous computational method leading to an explicit construction of Floquet normal forms is an important contribution to the field of differential equations.
The second motivation is directly linked to the study of dynamical systems. Indeed, equations of the form (1) arise naturally when studying stability properties of time-periodic solutions of differential equationsẏ = g(y), where g : R n → R n is a smooth map. Assume that Γ is a τ -periodic orbit ofẏ = g(y) parameterized by γ(t) ∈ R n (t ∈ [0, τ ]), and define the τ -periodic matrix function A(t) = ∇g(γ(t)), where ∇g is the Jacobian matrix. Consider Φ(t) the principal fundamental matrix solution ofẏ = A(t)y = ∇g(γ(t))y, that is the unique fundamental matrix solution so that Φ(0) = I, and assume that a Floquet normal form Φ(t) = Q(t)e
Rt has been computed. Theorem 3.7 shows how the information from the Floquet normal form can directly be used to compute important dynamical properties of Γ. More explicitly, it is demonstrated that the stability of the periodic orbit Γ can be determined by the eigenvalues of R while the stable and unstable tangent bundles of Γ can be retrieved from the action of Q(t) (with t ∈ [0, τ ]) on the eigenvectors of R.
A final motivation comes from the fact that computing stable and unstable bundles of periodic orbits is an important step toward computing rigorous parameterization of invariant manifolds of periodic orbits. In fact, one of our future goal consists of combining the ideas of [3] to rigorously parameterize invariant manifolds of periodic orbits, and then to use that information to solve rigorously, following similar ideas than the ones presented in [4] , a projected boundary value problem whose solutions would correspond to cycle-to-cycle connections and to point-to-cycle connections. Note that the approach of using projected boundary value problems to compute (non rigorously) cycle-to-cycle connections and to point-to-cycle connections has been adopted by several authors (e.g. see [5] , [6] , [7] ).
Let us now introduce the ideas behind the rigorous method to compute Floquet normal forms. Rather than jumping immediately into a deep mathematical description of the method, we present the general ideas and we refer to Section 2 for a more detailed presentation.
The first step is to substitute the Floquet normal form Φ(t) = Q(t)e Rt in the differential equation (1) . From this, it follows that (R, Q(t)) is a solution of the differential equation with periodic coefficientsQ = A(t)Q − QR. On the converse, if a real constant matrix R and a 2τ -periodic matrix function Q(t) solve Q = A(t)Q − QR Q(0) = I,
then the matrix function Φ(t) := Q(t)e Rt is the principal fundamental solution of (1). Therefore, the problem of computing fundamental matrix solutions in the form Φ(t) = Q(t)e Rt reduces to find (R, Q(t)) satisfying (3). The next step is to introduce a nonlinear operator f (see Section 2.1 for details) whose zeros are in one-to-one correspondence with the solutions of (3). Letting x = (R, Q 0 , Q 1 , Q 2 , . . . ), where the Q k 's are the Fourier coefficients of Q(t), the problem of computing Floquet normal forms Φ(t) = Q(t)e
Rt is then equivalent to find x such that f (x) = 0. By the a priori knowledge of the smoothness of Q(t), the Fourier coefficients Q k 's decay fast, meaning that the solutions of f (x) = 0 live in a suitable Banach space Ω s of rapidly decaying coefficients. To prove existence, in a constructive way, of solutions of the infinite dimensional nonlinear operator equation f (x) = 0, we use rigorous numerics. To be more precise, the goal of rigorous numerics is to construct algorithms that provide an approximate solution to the problem together with precise bounds within which the exact solution is guaranteed to exist in the mathematically rigorous sense. It is worth mentioning that by now, the use of rigorous numerical methods is a standard approach to study differential equations and dynamical systems (e.g. see [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] ).
Based on the previous discussion, the next step consists of computing a numerical approximationx of f (x) = 0 and to demonstrate that close tox, there exists a genuine solution x * of f (x) = 0, corresponding to the wanted explicit Floquet normal form of the principal fundamental matrix solution Φ(t) of (1). However, since the operator f is infinite dimensional, a finite dimensional approximation of f must be introduced in order to compute an approximationx. This is done in Section 2.2. Oncex is computed, a Newton-like operator
is introduced, where A is an injective linear operator which acts as an approximation for Df (x) −1 . Since A is injective, the fixed points of T and the zeros of f are in one-to-one correspondence. The next step is to consider small balls Bx(r) ⊂ Ω s centered at the numerical approximationx, and to solve for r for which T : Bx(r) → Bx(r) is a contraction (see Section 2.3). The rigorous verification that T is a contraction on Bx(r) is done via the use of the so-called radii polynomials which provide, in the context of differential equations, an efficient means of determining a domain on which the contraction mapping theorem is applicable. The notion of the radii polynomials was originally introduced in [18] and [19] to prove existence of equilibria of PDEs. It was later on adapted to prove existence of equilibria of high-dimensional PDEs (e.g. see [20] , [21] , [22] , [23] ), of periodic orbits of delay equations and PDEs (e.g. see [24] , [25] , [26] , [27] ) and connecting orbits of ODEs [4] . We refer to [28] for a more extensive and general exposure of the radii polynomials.
In this work, we present a general formulation of the radii polynomials adapted to the context of computing rigorously Floquet normal forms (see Section 2.4 for more details). We present the explicit bounds in Section 2.5 that lead directly to their construction. Note that these bounds ensure that the truncation error terms, inevitably introduced by computing on a finite dimensional projection, are controlled. It is also important to mention that in the computation of the bounds, the floating point errors are controlled by using interval arithmetic [29] . In fact, all rigorous computations were performed in Matlab with the interval arithmetic package Intlab [30] .
The paper is organized as follows. In Section 2, we introduce the rigorous numerical method to compute Floquet normal forms Φ(t) = Q(t)e
Rt of fundamental matrix solutions of systems of the form (1). In Section 3, we demonstrate how to use the information from Floquet normal forms to compute stable and unstable bundles of periodic orbits of vector field and how to determine the stability properties of periodic orbits. The main result of this section is Theorem 3.7. Finally in Section 4, we present some applications, where we construct rigorously tangent stable and unstable bundles of some periodic orbits of the Lorenz equations and of the ζ 3 -model.
Rigorous computation of Floquet normal forms
In this section, we introduce the rigorous numerical method to compute Floquet normal forms Φ(t) = Q(t)e Rt of fundamental matrix solutions of systems of the form (1). As already mentioned in Section 1, the first step is to introduce a nonlinear operator f whose zeros are in one-to-one correspondence with the solutions of (3).
Set-up of the operator equation f (x) = 0
In the following M at(n, R), M at(n, C) denote the space of n × n matrices respectively with real and complex entries. The assumption on Q(t) to be real and 2τ -periodic allows to consider the expansion
where the Fourier coefficients
for any k ≥ 1. Being τ -periodic, the matrix-valued function A(t) is also 2τ -periodic, thus it makes sense to consider the expansion
where A 0 ∈ M at(n, R), while the matrices A k ∈ M at(n, C) satisfy A −k = C(A k ), for any k ≥ 1. Here C(A) stands for the matrix whose entries are the complex conjugates of the entries of A. It has to be remarked that the assumption for A to be τ -periodic implies that A k = 0 for k odd and A 2l =Â l whereÂ l is the l-th Fourier coefficient of A(t) in the basis {e ik 2π
T t } k . After substituting the expansions (4) and (5) in problem (3), the latter system of ODEs moves into an equation F (t) = 0, where F (t) is a 2τ -periodic matrix function. By a subsequent projection of F (t) in the Fourier basis {e ik 2π 2τ t }, it follows that solving (3) is equivalent to solve for the unknowns R, Q 0 ∈ M at(n, R) and
where (A·Q) k,1 , (A·Q) k,2 denote respectively the real and imaginary part of the convolution
Note that f , f 0 ∈ M at(n, R) and f k ∈ M at(n, R) 2 for every k ≥ 1. The problem (6) consists of: i) a system of n 2 real scalar equations for f = 0 representing the initial condition Q(0) = I; ii) n 2 real scalar equations for system f 0 = 0 that reproduces < F (t), 1 >= 0; iii) 2n 2 real scalar equations for each
are the real and complex part of the equation < F (t), e ik 2π 2τ t >= ik
Before proceeding with the analysis of the system f = 0 given by (6), let us introduce some notation that will be adopted throughout the paper.
Notation
Let A, B be matrices with entries A = {a i,j }, B = {b i,j } and A = (A 1 , . . . , A n ), B = (B 1 , . . . , B n ) be vectors of matrices. Denote by i) |A| = {|a i,j |} the matrix of absolute values, where | · | denotes both the real and complex absolute value, according with a i,j . For
In case of vectors A ≤ cw B and A ≤ cw b extends as
iii) A ∞ is the standard infinity norm of a matrix: A ∞ = max i j |a i,j |; iv) I denotes the identity n × n matrix, 1 n is the n × n matrix whose entries are all 1.
Coming back to the analysis of system (6) let us define the space
Note that f : X → X. Later on the problem of solving f = 0 will be transformed into a fixed point problem for an operator T : that requires the choice of a suitable Banach subspace of X where to investigate the existence of solutions. To define the proper Banach space, let us first introduce the weigh function
and given
According with the s-norm, let us define the space Ω s of sequences in X with algebraically decaying tails Ω s = {x ∈ X : x s < ∞}.
For any s > 0 the space Ω s endowed with the s-norm is a Banach space and the inclusion Ω s ⊃ Ω s+1 holds. The introduction of Ω s is motivated by the fact that a periodic solution Q(t) of system (3) results to be at least as smooth as A(t). Thus, in case the function A(t) is analytic, it follows that Q(t) is analytic. As a consequence the Fourier coefficients of Q(t) decay faster than any power rate and therefore they live in Ω s for any s. On the other hand, even a weaker assumption of the function A(t), such as a |A k | ∞ < Cw −s k for a constant C and positive s, allows to conclude that the solution x ∈ Ω s . The latter is the case we are mainly interested in. Indeed, for the sake of generality and to emphasize the robustness and versatility of the technique, one assumes the weakest assumption on A k that makes the computational method applicable. Such assumption is that there exists s ≥ 2 and a constant C > 0 such that the coefficient A k satisfy |A k | ∞ < Cw −s k . This condition implies that an integrable function A(t) with expansion as in (5) is differentiable up to order s − 1.
Denote with A = {A k } k≥0 the sequence of the Fourier coefficients appearing in (5) and, as an extension of the s-norm, define
Thus we will look for solutions of the system (6) within the space Ω s for some s ≥ 2. The idea is to reformulate the zero finding problem f (x) = 0 as a fixed point problem for a suitable operator T defined in Ω s and to verify the hypothesis of the contraction mapping theorem in order to conclude about the existence of a fixed point. More explicitly, the idea is to prove the existence of a ball Bx(r) in Ω s around a finite dimensional approximate solutionx on which the operator T is a contraction. The proof will follow by verifying a finite number of polynomial inequalities: the so-called radii polynomials. Their computation will result from rigorous numerical computations and analytic estimates. The next step is to compute a finite dimensional approximate solutionx. For this, one needs to introduce a finite dimensional projection of f (x) = 0 given by (6).
Finite dimensional projection
As mentioned earlier, the fist step involved in the computational method is to consider a finite dimensional projection and to compute an approximate numerical solution of (6).
For m > 1 consider the finite dimensional space X m = m k=1 M at(n, R) 2 and define the projections
. Denote with 0 ∞ := Π ∞ (0). Moreover let us define the restricted map
Note that for any x ∈ X the sequence (x m , 0 ∞ ) ∈ X and the finite dimensional projection
Suppose that using a Newton-like iterative algorithm, one computedx
For simplicity the same notationx is used to identify the above vector in X m and the sequence (x, 0 ∞ ) in X. As already mentioned at the end of Section 2.1, the idea is to consider a ball Bx(r) ∈ Ω s centered at the approximate solutionx and to show the existence of a contraction mapping T acting on Bx(r). Hence, let us now introduce the fixed point operator T .
The fixed point operator T (x) = x
In this section, we first define an operator T on Ω s whose fixed points correspond to solutions of f (x) = 0 and then, we introduce some computable conditions from which one can conclude about the existence of fixed point of T . To begin with, suppose to have chosen a representation of the matrices M at(n, R) as vector in R n 2 and to have extended it to an isomorphism between the space of sequences of N matrices M at(n, R) to R N n 2 . Note that
The reason of this choice of notation is the following: suppose that V is the vector representation of the sequence
Denote by Df (m) (x) the Jacobian of f (m) with respect to x m evaluated atx, that is
For clarity and completeness,
. . .
where for k, j = 1, . . . , m − 1
, and each
denotes the Jacobian matrix of the components of f k,j with respect to the components of Q j,l .
Suppose to have numerically computed Df (m) and denote by A m ∈ M at(2n 2 m, R) an invertible numerical approximation of (Df
and for k ≥ m, define
Recall (5) and (10), and assume that A s < ∞ for some s ≥ 2. Then there exist two constants K and C Λ such that for any k ≥ K the linear operator Λ k is invertible and Λ
The constants K and C Λ depend on A s , the period τ and |R| ∞ . Proof. The real and imaginary parts of (A · Q) k can be written explicitly as
where W 1 and W 2 do not depend on Q k,1 and Q k,2 . Thus, looking at the definition of f k in (7), it follows that Λ k is of the form
where the entries of λ 1,1 and λ 2,2 are linear combination of the entries ofR, A 0 , A 2k so that
. By a row permutation, the invertibility of Λ k is equivalent to the invertibility of
.
Since
the assumption
A s < ∞ implies that the |λ i,j | ∞ are uniformly bounded in k, and moreover |λ 1,2 | ∞ is decreasing. Thus there exists K such thatΛ k is diagonally dominant for any k ≥ K. This is enough to conclude thatΛ k is invertible for any k ≥ K.
Denote by a i,i the diagonal elements ofΛ
2 , then using a result from [31] , one gets the following bound
Suppose that we chose the finite dimensional parameter m > K where K, as defined in Lemma 2.2, is such that Λ k is invertible for any k ≥ K. A formal diagonal concatenation of the operator A m and the sequence Λ −1 k , for k ≥ m, produces the linear operator
We define the operator T on X as
and denote
Recall (5) and (10), and assume that A s < ∞ for s ≥ 2. Then for any 2 ≤ s ≤ s , T : Ω s → Ω s and solutions of T (x) = x correspond to solutions of f (x) = 0.
Since A m is invertible by assumption and Λ k have been proved in Lemma 2.2 to be invertible for all k ≥ m > K, it follows that the linear operator A is invertible and therefore fixed points of T correspond to zeros of f (x).
By construction, when restricted to the finite dimensional reduction Π m Ω s , the operator
T is close to the Newton operator: the only difference is that point where the derivative is computed does not change along the iteration process. Therefore we can consider T as an extension to a infinite dimensional space of a finite dimensional Newton-like operator.
The existence of a fixed point for the operator T will be assured by the Banach Fixed Point Theorem once the operator T has been proved to be a contraction on a suitable ball in Ω s . The suitable ball on which T will be proved to be a contraction will be sought within the family of balls
where B(r) is the ball of radius r in Ω s centered in the origin and r is treated as variable. Following the same approach as in different other papers (e.g. see [20] , [16] , [24] , [26] , [27] , [25] , [22] , [23] , [4] , [18] , [19] ), we are going to construct a finite set of computable conditions, the so-called radii polynomials, to be solved in r, whose verification implies that the hypothesis of the Banach Fixed Point Theorem are satisfied. In practice, the radii polynomials are defined as realization of the hypotheses of the following theorem.
Suppose there exist two matrices sequences
Theorem 2.4. Fix s ≥ 2 and let Y and Z defined as in (15) . If there exists r > 0 such that Y + Z s < r, then the operator T maps Bx(r) into itself and T : Bx(r) → Bx(r) is a contraction. Thus, by the Banach Fixed Point Theorem, there exists an unique x * ∈ Bx(r) solution of T (x * ) = x * and therefore solution of f (x * ) = 0.
Proof. Two statements need to be proved:
ii) T is a contraction, that is there exists κ ∈ (0, 1) such that for every x, y ∈ Bx(r), one has that
For a given k ≥ 0 and any x, y ∈ Bx(r), the mean value theorem implies
The triangular inequality applied component-wise gives
Therefore for any x ∈ Bx(r)
This proves i).
Again from (16), for any x, y ∈ Bx(r),
Note that all the entries of Y k and Z k (r) are non negative, thus
and we can conclude the proof of ii). An application of the Banach Fixed Point Theorem on the Banach space Bx(r) gives the existence and unicity of a solution x * of the equation T (x) = x in Bx(r) and, from Lemma 2.3, of a solution of f (x) = 0.
The radii polynomials
As already mentioned in Section 1, the radii polynomials are a set of r-dependent polynomials p k (r) defined in such a way that if r * is a common solution of p k (r * ) < 0, then the ball Bx(r * ) ⊂ Ω s of radius r * centered at the numerical approximation r * contains a unique solution of f (x) = 0. This is due to the fact that by construction of the polynomials, one has that Y + Z(r * ) s < r * , meaning that the hypotheses of Theorem 2.4 are satisfied. In terms of the components, the formula Y + Z(r) s < r reads as
The latter consists of a system of infinitely many inequalities, which is then impossible to be verify directly with computations. In order to reduce (18) to a finite number of inequalities, suppose that, for a given M , there exist Y M and Z M (r) such that
and introduce the set of M + 1 radii polynomials as follows.
Definition 2.5. The radii polynomials are defined as
Theorem 2. 6 .
where
and the result follows from Theorem 2.4.
Construction of the bounds Y, Z
This section is devoted to the construction of the matrices Y k , Z k satisfying (15) , and of the asymptotic bounds Y M , Z M satisfying (19) . This construction provides the complete description of the radii polynomials introduced in Definition 2. 5 . With the aim of remaining as general as possible, the only constraint we assume on the τ -periodic function A(t) is that the vector of Fourier coefficients A given in (5) satisfies A s < ∞ for s ≥ 2. Nevertheless, further information on the coefficients A k may be useful to get sharper analytical estimates. In what follows, the growth rate parameter s has been fixed so that 2 ≤ s ≤ s , the finite dimensional parameter m has been chosen greater than K, where K is a lower bound given by Lemma 2.2 and the computational parameter M has been chosen so that M > m. Moreover, assume that one computed Λ
Note that in some cases, it will be possible to achieve this task analytically, but in other cases, only an interval enclosure using rigorous numerics will be possible. Also, recalling Lemma 2.2, denote by C Λ a computable constant such that
The tail bound
Now, using the fact that 
Finally, using Λ
The bound Z
To construct the bound Z so that sup b1,b2∈B(r)
it is convenient to factor the points b 1 , b 2 ∈ B(r) as b 1 = ru, b 2 = rv with u, v ∈ B(1), to expand in the variable r and finally to uniformly bound the expression using the fact that u, v ∈ B(1).
2 . In order to simplify the exposition, both the matrices u k,1 , u k,2 will be denoted as u k . Indeed, what really matters is the bound |u k,1 |, |u k,2 | ≤ cw w −s k that finally will be applied to obtain the uniform estimates. The similar notation for v k .
Let us introduce the linear operator
and consider the splitting
The definition of Z(r) will follow as a result of different intermediate estimates: indeed we are going to introduce the vectors Z 0 , Z 1 , Z 2 such that
From (25) it follows that
Hence, the elements Z k , for k = 0, . . . M − 1 can be defined as
Finally the element Z M will be defined to satisfy (19) .
so that
Note that A † is an almost inverse of A, indeed by definition A m Df (m) ≈ I. Then the size of Z 0 is small and depends on the accuracy of the numerical method that computes the inverse A m .
The bounds
Concerning the terms in Z 1 , Z 2 , consider the expansion as quadratic polynomial in r
First note that
then, taking in mind that Q k,2 = −Q −k,2 and denoting with sg(l) = sign(l), one computes
and for k ≥ m
Therefore Z 1 , Z 2 need to be defined so that
To achieve this, it is enough to substitute in the above expression the bounds
However this approach is not completely feasible for the computation of |c k,1 |, due to the presence of series. Therefore it is necessary to introduce further computational parameters
and matrices H k so that (34) and similarly for k ≥ m. It means that the bound Z 1 has been defined as sum of two factors: the first obtained by rigorous computation of a finite number of elements in the series, the second analytically defined to estimate the tail part of the series that have not been computed.
Define
and
where for k ≥ 0
Hence, one has the following result. Lemma 2.7. Formula (34) holds for H 0 , H k defined in (35).
Proof. First note that for any
That can be seen from the fact that
For the remaining terms note that (|Re(
1 n , then, for any k ≥ 0, the tail part of the series can be bounded by
In the last passage we have used the fact that L k > k, s ≥ s and the relation 1 n 1 n = n1 n . The result follows by applying (36) once the last series has be rewritten as
The bound Z M From [23] , one has that
Recall the definition of c k,1 and c k,2 given in (28), with a more explicit form in (31) for the case k ≥ m. Then for k ≥ M one has that
Since for k ≥ M the first term on the right hand side of (26) is zero, the following estimate holds
Finally, combining (21) and that k ≥ M , one gets that Λ
, and we can define
3 Computing stable and unstable tangent bundles of periodic orbits using Floquet normal forms
Consider an autonomous differential equatioṅ
and suppose that γ(t) is a τ -periodic solution with γ(0) = γ 0 . Denote by Γ = {γ(t), t ∈ [0, τ ]} the support of γ and for any θ ∈ [0, τ ], define γ θ (t) = γ(t + θ) the phase-shift reparametrization of Γ. Being autonomous, system (38) has the property that any of the curves γ θ (t) is a τ -periodic solution satisfying γ θ (0) = γ(θ). We refer to Γ as the periodic orbit and γ θ as the periodic solutions.
Definition 3.1 (Monodromy matrix). Let γ : R → R n be a τ -periodic solution (38) and let Φ θ (t) be the unique solution of the non-autonomous linear problem
The matrix Φ θ (τ ) is called the monodromy matrix of γ θ (t).
Having chosen γ(t) = γ 0 (t), in the following we identify Φ(τ ) = Φ 0 (τ ). The next two Lemmas are classical results and are direct consequence of Φ θ (t) being a fundamental matrix solution. For sake of completeness, we present their proofs. Lemma 3.2. For any θ ∈ [0, τ ], the solution Φ θ (t) of (38) satisfies
Proof. Without loss of generality let us consider θ = 0. By induction on n ≥ 0. For n = 0 the result is obvious. Suppose it holds for n − 1. Then
Define Ψ(t) = Φ(t + nτ )Φ(nτ ) −1 .
It follows that Ψ(0) = I and thaṫ
For the uniqueness of solutions of the initial value problem, Ψ(t) = Φ(t) thus
Lemma 3.3. The matrices Φ θ (τ ) are equivalent under conjugation. In particular
Proof. The matrixΦ(t) := Φ(t+θ) is solution of the equationẏ = ∇g(γ(t+θ))y = ∇g(γ θ (t)), withΦ(0) = Φ(θ). Since Φ θ (t) is the principal fundamental solution of the previous system, Φ(t) = Φ θ (t)Φ(θ).
It follows
Thus
where, in the last passage, Lemma 3.2 has been used.
The previous result implies that all monodromy matrices Φ θ (τ ) have the same eigenvalues. That motivates the following definition. As already mentioned in Section 1, in the theory of dynamical systems the monodromy matrix Φ(τ ) associated to a periodic solution γ(t) plays a fundamental role since it encompasses the information about the stability character of γ. Indeed, as shown in Proposition 2.122 in [2] , the Floquet multipliers of γ(t) are in fact the eigenvalues of DP(γ(0)), where P(x) denotes the Poincaré map of γ(t) on a (n−1)-dimensional hypersurface transversal to γ at γ(0). Moreover, it can be proved that at least one of the Floquet multipliers σ j of Φ(τ ) is equal to one, corresponding to the eigenvectorγ(0). Hence, we will denote by σ n = 1 the Floquet multiplier corresponding toγ(0) and denote by {σ j } j=1,...,n−1 the set of non trivial Floquet multipliers. We refer to Section 2.4 in [2] for a more extensive analysis of the links between Poincaré sections and Floquet theory. Based on the above discussion, we are now ready to introduce the definition of stability of a periodic orbit.
Definition 3. 5 . Let Γ = {γ(t), t ∈ [0, τ ]} be a τ -periodic orbit of the system (38) and let {σ j } j=1,...,n−1 be the corresponding set of non trivial Floquet multipliers. We say that
• Γ is unstable if ∃ j ∈ {1, . . . , n − 1} such that |σ j | > 1.
Moreover, if p < n − 1 Floquet multipliers have modulus less than one, and q < n − p Floquet multipliers have modulus greater than one, Γ is said to have p stable directions and q unstable directions.
Let us mention that there is a variant to the Floquet normal form introduce in Theorem 1.1, namely there exist a constant (possibly complex) matrix B and a nonsingular (possibly complex) continuously differentiable, τ -periodic matrix function P (t) such that Φ(t) = P (t)e Bt . We refer to Theorem 2.83 in [2] for more details and for the proof. Therefore, there exists a (possibly complex) matrix B such that Φ(τ ) = e
Bτ . Denoting by λ j the eigenvalues of B, it follows that σ j = e τ λj is a Floquet multiplier. Note that for a given σ j , the solution λ j of σ j = e τ λj is not uniquely defined. Indeed for any k ∈ Z, e τ (λj +i 2kπ τ ) = σ j . This reflects the fact that in the complex Floquet normal form Φ(t) = P (t)e Bt , the matrix B is also not uniquely defined. In the literature it is common to call a Floquet exponent associated to σ j any complex number λ j so that σ j = e τ λj . On the converse, for any σ j there is a unique real number l j so that |σ j | = e lj τ . That motivates the following definition.
Definition 3. 6 . A Lyapunov exponent associated to a Floquet multiplier σ j is the unique real number l j so that |σ j | = e lj τ .
Note that using the notion Lyapunov exponents, a definition of stability of a periodic orbit similar to the one of Definition 3.5 can be introduced. Indeed, given a τ -periodic orbit Γ = {γ(t), t ∈ [0, τ ]} of (38) and considering {l j } j=1,...,n−1 to be the corresponding set of non trivial Lyapunov exponents, we say that Γ is stable if l j < 0, ∀ j = 1, . . . , n − 1 and that Γ is unstable if there exists j ∈ {1, . . . , n − 1} such that l j > 0.
Given a real n × n diagonalizable matrix A, let us introduce the notation Σ(A) = {α k , v k } k=1,...,n to denote the eigendecomposition of the square matrix A, i.e. Av k = α k v k , for all k = 1, . . . , n.
The following result shows how the information from the couple (R, Q(t)) coming from the Floquet normal form Φ(t) = Q(t)e Rt can directly be used to study the dynamical properties of the periodic orbit Γ. More explicitly, it demonstrates that the stability of Γ can be determined by the eigenvalues of R while the stable and unstable tangent bundles of Γ can be retrieved from the action of Q(t) (with t ∈ [0, τ ]) on the eigenvectors of R. Theorem 3. 7 . Assume that Γ = {γ(t), t ∈ [0, τ ]} is a τ -periodic orbit of (38) and consider Φ(t) the fundamental matrix solution of the non-autonomous linear equationẏ = ∇g(γ(t))y such that Φ(0) = I. Suppose that a Floquet normal form decomposition of Theorem 1.1)
Rt is known. Assume that the real n × n matrix R is diagonalizable and let Σ(R) = {µ j , v j } j=1,...,n the eigendecomposition of R. Then the Lyapunov exponents l j of Γ are given by
Furthermore, for any θ ∈ [0, τ ], if one defines
then w θ j is an eigenvector of Φ θ (τ ) associated to the Lyapunov exponent l j . Note that w θ j is a smooth 2τ -periodic function of θ.
Proof. Consider the eigendecomposition Σ(R) = {µ j , v j } j=1,...,n of the diagonalizable matrix R, meaning that the set {v 1 , . . . , v n } consists of n linearly independent eigenvectors of R. By Lemma 3.2, one has that Φ(τ ) 2 = Φ(2τ ). Since Q(t) is 2τ -periodic and Q(0) = I, it follows that Φ(2τ ) = e R2τ . Since R is diagonalizable, Φ(2τ ) = e R2τ is also diagonalizable. Since Φ(2τ ) = Φ(τ ) 2 and since the matrix Φ(τ ) is invertible and defined over the field of complex number (which has zero characteristic), then it can then be showed that Φ(τ ) is also diagonalizable. Now, since Φ(2τ ) = Φ(τ ) 2 one has that if (σ, w) ∈ Σ(Φ(τ )), then (σ 2 , w) ∈ Σ(Φ(2τ )). Combining this last point with Φ(τ ), Φ(2τ ) being diagonalizable implies that the eigenspaces of Φ(τ ) and Φ(2τ ) are in one-to-one correspondence. That implies the existence of a set {σ j } j=1,...,n such that Σ(Φ(τ )) = {σ j , v j } j=1,...,n . From the property of the exponential matrix operator, Σ(Φ(2τ )) = {e
..,n . This implies that σ 2 j = e µj 2τ for any j = 1, . . . , n. Note that l j = Re(µ j ) is the unique real number so that |σ j | = e lj τ . Hence, l j is a Lyapunov exponent associated to the Floquet multipliers σ j . Now, from (41), one has that
Applying the same argument than above, one can conclude that Σ(Φ θ (τ )) = {σ j , Q(θ)v j } j=1,...,n forms an eigendecomposition of the matrix Φ θ (τ ). Hence, w That allows us to define the following Definition 3.8. We define the stable and unstable tangent bundles of Γ respectively by
It is important to remark that from the conclusion of Theorem 3.7, the complete structure of the stable and unstable bundles can be recovered by the action of the matrix function Q(t) on the eigenvectors of R, which themselves correspond to the stable and unstable directions at the point γ(0) on Γ. Also, the proof of Theorem 3.7 is constructive in the sense that combined with the rigorous computational method of Section 2, it provides a computationally efficient direct way to obtain the eigenvectors w θ j of Φ θ (τ ), which are the ingredients defining the bundles of Definition 3. 8 . Note that one could be tempted to use the fact that Φ(τ ) = Q(τ )e Rτ and then attempt to compute the eigendecomposition of Φ(τ ) directly. However, that would imply having to compute the exponential of an interval valued matrix, which turns out to be a difficult task (e.g. see [32] , [33] ). This being said, the rigorous computation of the eigendecomposition of the interval matrix R is not completely straightforward. We addressed this problem by adapting the computational method based on the radii polynomials in order to enclose all the solution {µ k , v k } of the nonlinear problem (R − µI)v = 0 with constrain |v| 2 = 1. Further details on the enclosure of the eigendecomposition of interval matrices are postponed on a future work of the same authors [34] .
Applications
In this section, we present some applications, where we construct rigorously tangent stable and unstable bundles of some periodic orbits of the Lorenz equations in Section 4. 
Bundles of periodic orbits in the Lorenz equations
Consider the following three dimensional system of ODEs, known as the Lorenz equations
with the classical choice of parameters β = 8/3, σ = 10 and ρ left as a bifurcation parameter. Suppose to have rigorously proved the existence of a real τ γ -periodic solution (44) in the form
in a ball of radius r γ and centered at [τ γ ,ξ k ], |k| ≤ M γ , with respect to the Ω s norm, meaning that
for a decay rate s ≥ 2. Note that ξ k ∈ Z 3 and ξ −k = C(ξ k ). The existence of such solution could be achieved by applying a modified version of the method discussed in the previous section. Even with some technical differences, the philosophy is the same. Rewrite the system of ODEs as a infinite dimensional algebraic system where τ γ and the Fourier coefficients ξ k are the unknowns, then consider a finite dimensional projection and compute a numerical approximate solutionτ γ , (ξ k ) k . Then, by means of the radii polynomials, prove the existence, in a suitable Banach space, of a genuine solution τ γ , (ξ k ) k of the infinite dimensional problem in a small ball containing the approximate solution. Note that this is not the first time that the radii polynomials are used to prove existence of periodic solutions of differential equations (e.g. see [16] , [24] , [26] , [27] , [25] ).
In the following we aim to combine the rigorous computational method of Section 2 together with Theorem 3.7 to rigorously compute the stable and unstable tangent bundles of the periodic orbit γ(t) given by (45). This first requires the computation of the fundamental matrix solution of the linearized system along γ(t), that is the solution for t ∈ [0, τ γ ] of the non-autonomous system Φ = ∇g(γ(t))Φ Φ(0) = I
where g is the right hand side of (44), ∇g denotes the Jacobian of the right hand side of system (44) and I is the 3 × 3 identity matrix. The former system is nothing more than a particular case of (1), where A(t) = ∇g(γ(t)) and n = 3. We now apply the computational method presented in Section 2 to compute the principal fundamental matrix solution of the non-autonomous linear systemẏ = ∇g(γ(t))y. In particular a constant matrix R and the Fourier coefficients Q k of a 2τ γ -periodic function Q(t) will be computed, so that
Rt is the unique solution of (47). Once the computation of R and the Q k is done, following the conclusion of Theorem 3.7, we will compute Σ(R) = {(µ j , v j ) | j = 1, . . . , n}, derive from the Lyapunov exponents l j := Re(µ j ) the stability of the periodic orbit Γ and from the eigenvectors {v 1 , . . . , v n } of R we will construct the tangent bundles as defined in Definition 3.8 and given by the formula (43).
Computation of R and Q k To begin with, let us explicitly write the Jacobian
and, as consequence, the coefficients A k
The hypothesis (46) for ξ k to lie in a ball centered atξ k implies that A s < ∞. Although this bound is sufficient to proceed with the computational process, we want to stress out that precise informations are known about the |A k | ∞ of the tail elements of the sequence {A k }. Indeed it can be easily seen that
The computation of the approximate solutionR,Q k,1 ,Q k,2 has been addressed as follow: consider the approximationγ(t) = |k|≤Mγξ k e ik2πt/τγ of the periodic orbit γ(t) and numerically solve system (47) up to time 2τ γ . Denote byȳ(2τ γ ) the obtained result and numerically compute R = log(ȳ(2τ γ )).
Neglect the imaginary part and consider only the real part. Then numerically integrate the system (3) up to time 2τ γ with R in place of R yielding the solution Q(t j ). Fix the positive finite dimensional parameter m and compute from Q(t j ) the matrices Q k,1 , Q k,2 , respectively the real and imaginary part of the Fourier coefficients with |k| < m. Finally the vector (R, Q k ) is considered as starting point for a Newton iteration scheme applied on the finite dimensional reduction defined generally in (11) . Denote the output of the iterative process byx = (R,Q k ), that is an approximated solution f (m) (x) ≈ 0 up to a desired accuracy, where f (m) is defined in (11). Consider Λ k given by (13) . Note that in the case of the three-dimensional vector field (44), Λ k is a 6 × 6 matrix and one could compute its inverse analytically using the mathematical software Maple. After having computed Λ −1 k one needs to check that the chosen m satisfies m > K where K is the same as in Lemma 2.2, otherwise increase m.
Then for a choice of M > m and 2 ≤ s ≤ s one can compute the coefficients Y k and Z k , k = 0, . . . , M and Y M , Z M as shown in Section 2. 5 . It only remains to define the computational parameters L k introduce in (33) . In the computation presented here L k has been chosen as
This choice assures that the tail elements H 0 , H k in (34) only contain the terms A j satisfying
. Therefore the subsequent estimate for h k can be improved by replacing A s with r γ .
Again, the knowledge of the particular behavior of the coefficients A k allows to provide a better estimate for
Therefore, the computation of the bound for |c k,1 | ∞ when k ≥ M , necessary for the definition of Z M , has been slightly modified as follows.
(50) Then, passing to the infinity absolute value, for any k ≥ M
(51) Computational results For the choice σ = 10, β = 8/3 it is known that there exists a branch of periodic solutions parametrized by ρ joining a Hopf bifurcation at ρ = 470 19 ≈ 24.736 and a homoclinic point at ρ ≈ 13. 9265 . Figure 1(a-b) shows the bifurcation graph and some of the periodic orbit of the continuous family. Table 1 contains the computational parameter M γ that have been chosen for the rigorous enclosure of the orbit, the periodτ γ and the radius r γ resulting from the computations. The growth rate s has been fixed s = 2 for all the cases. The i-th row concerns the computation of the periodic orbit for the Lorenz system corresponding to ρ = ρi. Mγ is the finite dimensional reduction parameter chosen in the computation, τγ the approximated period of the solution and rγ the resulting enclosing radius.
In the Appendix the first 15 Fourier coefficients ofγ 1 andγ 4 are listed. As shown in Figure 2 , one can notice that the Fourier coefficients of the five orbits under consideration are decaying to zero with a different speed. This is due to the fact that the closer we are to the homoclinic orbit, the flatter the periodic solution is, meaning that a larger number of Fourier coefficients contributes to the Fourier expansion, hence leading to a slower decay. Table 2 contains information about the computation of the fundamental matrix solution associated to each of the previous periodic orbits. More precisely, it contains the finite dimensional reduction parameter m, the computational parameter M and the resulting radius r. Some of the radii polynomials p k (r) built during the computation of solution #4 have been plotted in Figure 3 . The bold line on the x-axis remarks the interval
where all the radii polynomials are negative.
From the computations we noticed that the odd Fourier coefficients of Q(t) are almost vanishing, suggesting that Q(t) is a τ γ periodic function, rather than 2τ γ periodic. This is not in contradiction with Floquet Theorem. Again in the Appendix we report the numerical approximationR and the first even Fourier coefficientsQ k for the solution #1 and solution #4. As in the previous case, the Fourier coefficientsQ k corresponding to periodic orbits closer to homoclinic decrease slower. This justifies the fact that larger values of m and M were necessary to obtain successful computations. We now have all the ingredients necessary to construct the tangent bundles: first we compute the intervals containing the spectrum and the eigenvectors of each the interval value matrix R, then, in light of Theorem 3.7, the multiplication of the stable and unstable directions with the function Q(θ) yields the tube enclosing the complete stable and unstable bundles. Table 3 lists the Lyapunov exponents of the periodic orbits, as defined in Definition 3.6, and it also contains the radius of the intervals enclosing the stable and unstable eigen-couple of R while in Figure 4 the tangent bundles are depicted. In Appendix the complete list of the eigen-decomposition of the interval matrices R is also provided. Table 3 : Lyapunov exponents for each of the periodic orbit γi. For each solution we report the center and the radius of the interval vectors enclosing the exponents. Note that we could prove the existence of the eigenvectors vj associated to µj within the same accuracy given by r.
ζ 3 -model: non orientable tangent bundles
It is known that if a Floquet multipliers of a periodic orbit is negative, then the corresponding tangent bundle is not orientable. Moreover, in the case of a saddle periodic orbit of a threedimensional system, the two non-trivial Floquet multipliers are real and their product is positive. Therefore both the tangent bundles are either orientable or not orientable and, in the latter case, they are topologically equivalent to a Möbius strip, see [35] . An example of a dynamical system with periodic orbits that exhibit this behavior is the so called ζ 3 -model considered in [36]   ẋ
For β = 2, as α varies, the periodic orbits of system (52) produce an interesting bifurcation diagram. We refer to [35] and [37] for a detailed analysis of the bifurcation diagram and on the genesis of periodic orbits, called twisted periodic orbit, with non orientable invariant manifolds. We focus on a particular twisted periodic orbit corresponding to α = 3.372 lying on the branch emanating from a period-doubling bifurcation that occurs at α ≈ 3.125.
Following the same procedure as before, we rigorously compute the enclosure of the periodic orbit γ(t) and subsequently the enclosure of the matrix R and of the matrix function Q(t), hence producing an explicit Floquet normal form as in (2) . Then, we extract the necessary stability parameters and we recover the stable and unstable tangent bundles using (43). Figure 5 shows the resulting bundles.
Having computed the intervals enclosing the period τ of the orbit and the eigenvalues of R, we realize that the absolute values of the two nontrivial Floquet multipliers satisfy
To conclude we emphasize the role played by the continuous function Q(θ) in the construction of the tangent bundles. As proved in Theorem 3.7, as θ changes, the eigenvector w θ j of Φ θ (T ) associated to the Floquet multiplier σ j is given by w The component-wise ratio between the two computed vectors isσ 1 = −7.037590044326 · 10 −3 ±10 −13 , whose absolute value is indeed in the interior of ∆ st . If the unstable eigenvector v 2 is considered, the same operations produceσ 2 = −1.527515067244305 ± 10 −13 . Although not rigorous, these computations confirm the above theoretical discussion and moreover provide a method to recover the sign of the Floquet multipliers, information that is not possible to achieve following the presented computational technique. 
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Period and Fourier coefficients ofγ 1 andγ 4 . 
